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SCALING LAWS FOR ABERRATIoNS IN HAGNETIC OUAORUPOLELENS SYSTEHS*
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R. S. Christian
Dept. of Physics, Putdua University

A. J. Dragt
Oept. of Physics ●nd Astronomy
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Abstract: A comparison has been made of the
third-orde~erital) ●berrations in ●agnetic
qtmdrupole lenses for uae in coravantional charged
particla beam transport systems. An ~nalytical
description of the aberration is presented ●nd this is
coapar~d with the results of hi~h order numerical
integration. Ttw dep~rrdence of the aberration strength
on the syatea geometr: and f nu~lber is given and ●

comparison of doublet ●nd triplat systems msde. The
reduction of the aberrations in both doublet ●nd
triplet systeas using ●mbedded magnetic octupole lenses
is ●lf!o discussed ●nd ●nalytical predictions ●re given.

Introduction

The focusing properties of quadruple lens
systems hav~ been studied for many years [1,2,3,4,5].
Aa in tha caae of round lenses [bl, the third-order
●perture (spherical) ●berrations cannot be ●laminated
by ●ny combination of ●lectrost{ltic and magnetic
quadrupol~a using nonrelativistic charged
beams [31.

particle
It is possible to reduce or ●liminste

third.ordar ●perture ●berrations vith certain
combinat ions of qusdrupoles ●nd ot tupoles II 1. This
paper will be restricted to consideration of magnetic
quadruple doublets and triplets ●nd to correction of
●~rture ●berrations with the ●ddition of octupoles.

Given the quadruple ●nd octupole gradient
functions on the optic ●xis, it is relatively easy to
ctmpute tha syat?m aberrations, Unfortunately rho
cortelatlon betveen cystem aberrttioos ●nd aiwple lens
parameters ouch ●s length, rndius, ●nc position is not
obvious. The purpose of thjs ptper is to provide the
r-ader vlth some simple ●nalytic approximations of
qusdrupole ●berrations and octupolw c?rrectior. Theee
●re intended to guida the system designer to nesrly
optimal lens configurations thst sltit his purpose.
Once a Seneral system conflguretton is ●stablished,
apocific computer ●odeling will complete the de;tiun.

Linear Properties of Ouadrupolq Systems

In this study, the s-axis Gf a carteslan
coordinate ●ystea Is the optic ●xis of the leneeu. The
vtcuum ●agnetis f ielda 01 the quadruples and ocl upoles
are ulven by scalar magnetic potentials V. snd V.
r~spectively

B.-wo-wo .
.

(1)

Uhen q and p ●re the ctlor~~ ●nd magnitude of nomtrntur
for a particle, the ●egrretic scalar potentials are
vrittan ●s follovm

-Xy$(x) 4 Xy(xz 2 tt
(q/P)vg ●

+y )+ /12+ *,* (2)

(tI/P)vty ● -MY(X2 - Y2) *!3 * *)* , (3)

~.~und?r the ●usplcce of the US Department
of f!nergy ●nd oupported by the Us Army Str’atetlc
Defenee command.

The equations of
series ●xpansions of x and y
respect to z, designated
linear terms ●re retained,

motion are formed as pover
and their derivatives with
by primes. Uhen only the

one has the paraxial
●quat ions

1,
x + +(2)X - 0, y“ - +(z)y = o . (4)

Let us consider ●n optical system vhere the
object ja ●t Zo, the lenses ●re between Z. and the
●perture plane ● t 20 ●nd the image 1s at z,. The
characteristic functions ara solutions of Eq. (~) that
satisfy the following initial conditions

h Xo ‘

h;o.

Any parax

I

hyo ● E;o”Ctyo .0

h;o-EJro- Eyo ■ 1 , (5)

al solution ia nov defined ●s follovs

x(s) - ahx(s) + X*X(Z), Y(z) ● !3hY(z) 4 YouY(z) .(6)

where a ● x’ ●nd 6 ● y;. By definition, ●n image plan?
is one in v~ich

vhere Itx ●nd M are the system magnification in the x
●nd y coordina{ee respectively,

Qertura Aberrations

The complete ●qunttont of srotion ●re

●xpressed by the paraxlal ●q~ations, Eq, (4), plus
nonlinear eeries ●xpansions on the right-hand sld~ of
●ach ●quat!on. Uhcn the first sdditional term,
third-order, 1S ●dded to ●ach ●quetion, one gets the
follovlng solution for part icl*e comln~ from ● t)olnt
neat the cptic axis

x] ● (klx)xo 4

● nx(r!, +

Yl ● (Y IY)YO +

_ MY(YO ●

●t Co 13,7], -

(xlaaa)a3 4 (xlabb)af?

Cl@l’ 4 Cpd) (&)

(ylbbb)03 + (Ylaab)a’d

Dld * D207!3).



The off m~im nberra!ions such os cnma, ns!lgmatism, ●nd
distortion ha~e been left out, conalstent vlth th~
●ssumpt ion of having X. ●nd y. small. The three
independent ●perture aberration coefficients can be
reduced IO the following intagrals

21
c1 . H 1h;4/6 + (~z + W)h$/3 dZ ,

Zo

H

=i
c~.rr~.

I
1.5h:2 h;2 + ($2 - ~)h: h; dz ,(9)

=0
21

D1 .
1[ 1h;’/6 + (+2 + Why4/3 dz ,

=0

The positive dcflnitc fo~m of these coefficients for
qumdrupolcs alone ill ●akes it nac~sssty to Usa
octupoles In combination with quadrupolea to achicv~

complctc correction of third-order ●perture

●bcrrationslll.

Ther~ have bmen sav@rml formal optimization
atudi~s of quadruple octupolc aymtems [5,8,9] vlth the
intended ●pplications b~ing in ●lectron microscopy.
This discussion !s limiled to simpler systems with ●or~

gen~rsl applications.

Analytic Hodtls—

In this occt ion, rloubl~ts cnd gymmctrlc

lrIplcts arc concid~rcd. Both the x ●nd y trnjectorics
havo ● co-on object plane at Z. ●nd ●rc focused to m
virtual Imagd ● t infinity.

Doubletai Thq doublet is illustrated in
Fig, 10 The lenses mra positioned at L and L2 and are

of lengths tl and 12 resp~cllvely. Tf!cir c?n[er to

ccntcr mcpmration is a ●nd th~ object to apertur~

lcns!h II L.
Th~ quadrupolr gradient func[ion is taken to

00 cith~r tcro or $n whore n d~notcs the lens, Unlika
round lonscs, o ouddcn jump In +(:) 18 permissible
bccausc darivativcs of $ do not mpp~ar in Eq, (9).

Using tho followin~ definition,

F nn ‘ - ?Yn s l/($ntn) , (lo)

Ip==-.-=f===!

it cnn be shown that the focal lengths of the
individual lcnsts mr~

f x,yn ■ F ~ yn/[l - tn/(6Fx,yn)j (11)

Subscripts x,yn ref~r !O ●ither the x or y coordinarcs,

The total focal leng[h of the sys~em In ●ach
coordinate Is given by the formula

l/f
X,Y

■ I/f X,yl + llf x,y2 - d/(fx Y1 fxry2) (12)

After nome ●lgrbra, one ge[s the follovlng approximate
rasulta

([ 11

1/2

FX2 ■ - dL2 1 - (L2t1/L1 + !2)/(6d) (13)

Fxl ■ - FX2 L1/L2

f X,y ■ L1 /(l - d/fx Y2)

Using Eqs. (9)--(15)
cocfficlen[s of ● doubl~

Cl ■ [Ll + (fx - L1

+ lL;/(1

C2 = D2 ■ 1

+ L, 4/((

D1 ■ [Ll +

fxlz) ●

51L14 +

(14)

(15)

the mpertllre ●berrat ion
are approximated by

‘/d3]/6

fx4/(t2fx2~) l/3

(f% - L1)2(fy - L2)2/d31 (16)

fyz)f)+fx *fy2/(t2fx,lfxl yl

fy - L1)4/d3J/6

4 I f ,2)+ fy●IL1 /( 1 ~ 4 t f **) j/31I(2Y

Pig! 1. Schama(lc doscrlptlon of ● qusdrupola doubloti
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For the purpose of the ●berration calculation we define

L; ● L1 + L2, L; ■ L; + d*, L* ● 2L2 . (18)

T~e vari?bles designsted by (*) are used to compute C;,
C2 and D2, then the triplet ●berrations ●nd focal
lengths ●re given by

Cl = C~18, C2 = D1 ■ C~18 ,

D1 * D;/8, fx ■ fy = L2 (19)

As an ●xample, ● triplet in arbitrary units vlth L1 m
20.75, L2 = 23,5, L3 = 26.25, fl ■ t ● 1.5, ●rd t - 3

1 ?has ●nalytic ana (numerical) ●herrat on coefficjen s of
c1 - 2280 ;2550), C - D2 - 10,500

?
(10,600) ●nd

D1 = 6110 (5580) vi h focal lengths fx D 23.5 (24.7)
●nd fy - 23.5 (22.8).

An intriguing result of this exercise is that
● triplet focused to infinity can be turned into ●

doublet by turning off the central quadruple, changing
the sign of one of the ●nd lenses ●nd slightly
raadjunting their atrengtha, If 1 ● 2!1 ● 2Q in the
triplet, i 8this change from ● trip ●t to ● dou let vill
reduce the sperture ●berrations by ●bout a factor of 2.
The doublet will have ●omevhat ●ore ●symmetric values
of Cl ●nd D2.

~ctupole Aberration Correction

A thorough mathematical treatment of octupole
●berration correction is beyond the scope of this
paperl however, one does ●xist in Ref. [914 Careful
study of Eq. (9) leads to the folloving summary.
There ●ust be ●t least thrae octupolas ideally centered
●t zb! z and z to completely correct third-order

~ For miniso,m strength octupoles,●perture ●~erration ,
tha following inequalities must be ●aximized.

(hx/by); > (hx/hy)~ > (hx/hy)j . (20)

The signs of V(zb) ●nd V(zd) vill be negativa ●nd V(ZC)
positive.

Th* success of correction depends on having
large ●symmetries in h and h . FOK ●xample, ● triplet

!ia more naarly ayametr c thsnya doublet. It can be
shovu that the triplet described in the previous
section raquires ●bout ●ight tines mora octupoia
strength to corract than tho corresponding doublet.

Conclusion

In this brief discussion ve have considered
quadruple doublets ●nd symmetric triplets that focus
tiajectorles from a point object to infinity, Analytic
●pproximations vere derived for the system focal
lengths and aperture ●berration coefficients, When the
quadruple lengths, Q , and separation d are very small
compared to the ob~ect to ●perture distance, L, the
aperture aberrati n

9
coefficients are roughly

proportional to L /(Qnd). If the doublet or triplet
takes up a significant fraction of L (~20Z), form
factors inherent in Eqs, (10)--(19) substantially alter
this scaling. A separate study using the code
CENHAP ~12] has indicated that realistic lanses vith a
pole tip radius r that satisfies r ~ In vill have
●perture ●berrations about half ●s b!g as those coming
from the ‘boxcarw fields in this paper.

It is observed in this paper that although a
triplet is ●esthetically symmetric, it vill have ●bout
tvice ●s much ●perture ●berration ●s a comparably sized
doublet. Also ●uch ● triplet vill require octupoles
that ●ra ●bout eight times ●s strong ●s the
corresponding doublat.
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TABLE I

EXAHPLCS OF ANALYTICALLY AND (NUMERICALLY) OBTAINED FOCAL LENGTHS AND
APERTURE ABERRATION COEFPICIEtiS FOR DOUBLETS

L1 L2 t~ t: fx

(M) (m) (8) (m) (m)

17.3 19.5 1 i 12.e
(::!:)

15.s 19.5 1 1
(10:4)

15 19 2 2 9.80
(;.:;)

14 1? 4 2
(;:::)

13 19 6 2
(7:73)

fY
(m)

26,6
26.6)
29.1
29.0)
29.3
29,2)
32.4
31.2)
3b.7
33.3)

c1
(m)

1440
(i:;;)

(:;:)

(212)
02.4

(74,9)
33.4

(35.3)

C2 , D2

(m)

D,

(m)

6340
6130)
3770
3640)
21eo
2020)
2630
21?0)
3B30
2380)


